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Abstract 

We extend the spectral theory of generahzed Laplacians to integrable metrics on compact Riemann 
surfaces. As a consequence, we attach in a direct way, a holomorphic analytic torsion to any integrable 
metrics. We also provide a different approach to define the analytic torsion. We prove that both 
approaches agree. 
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1 Introduction 

The main goal of this paper is the extension, in the context of the Arakelov geometry, of the notion of 
the holomorphic analytic torsion to a large class of singular metrics, with applications to the special case 
of canonical metrics on P^, viewed as toric variety. As an application, we provide an explanation for the 
results and the computations in [10 and [llj . 



Let AT be a compact Riemann surface, and (O, ho) the trivial line bundle equipped with a constant 
metric over X. In this article, we prove that the classical spectral theory of Laplacians can be extended 
to the class of integrable metrics on X. Namely, for any integrable metric hx,oo on X, we construct 
a Laplacian attached to {{X, hx,oo)', {0,ho)), and we denote it by Ax.oc- We show that Ax.oo has a 
infinite discrete and positive spectrum, and we prove that the associated Zeta function oa j has the 
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same properties as in the classical setting. In particular, we establish that oo admits a holoniorphic 
continuation at s = 0. We set T(^{X,ujx,od), {0,ho)) '■— Caxoo^'^)' ^-'^^ ^® '"^^^ holoniorphic 
analytic torsion associated to (^{X, ux.oo), {O, ha)) ■ Moreover, given {hx,p)p£fi a sequence of smooth 
hermitian metrics on X, converging uniformly in suitable way to hx.oo, we prove that the real sequence 
{T{{X,ujx,p)AO,ho)))^^f, converges to T{{X,LJx^oo)AO,ho)). 

Let us recall the construction of the holoniorphic analytic torsion. For sake of simplicity, we restrict 
ourselves to compact rieniannian surfaces. Let X be a compact rieniannian surface equipped with a 
smooth metric hx, we denote by ujx the corresponding Kahler form, and let (O^ho) be a trivial line 
bundle on X , endowed with a constant metric. We can equip A^^''^'> (X), the space of smooth functions on 
X, with a hermitian product § and then we consider A the Laplacian acting on A'-'^-'^^X) § It is 
known that A admits a discrete, positive and infinite spectrum, see for instance ^ § 6]. Let Ai < A2 < • • • 
be the nonzero eigenvalues of A, counted with their multiplicities and order in increasing order. Using 
the spectral theory of heat kernels, see [2J, one proves that for any s e C such that Re(s) > 1. the sum: 

n>l " 

converges absolutely and admits a meromorphic continuation to the whole complex space. Moreover, 
this continuation is holoniorphic at s = 0. According to Ray and Singer [l^i, we define the holomorphic 
analytic torsion associated to {{X, hx), (C, ho j) as follows: 

T{{X, hx),{O,ho j)^CA{0)B 

As pointed out in [5], the smoothness of the metrics is a necessary condition in order to defined the 
holomorphic analytic torsion. In this article, we extend the latter theory to compact Riemann surfaces 
equipped with integrable metrics. 

Let us review the contents of the article. Let X be a compact Riemann surface, and (O^ho) the 
trivial line bundle equipped with a constant metric on X. Let hx.oo be an integrable metric on X, see 
definition (|4.ip . we will construct a spectral theory attached to hx.oo and /iq, and which extend the 
classical theory. In section ^ , we recall the definition and the construction of the Laplacian associated 
to smooth metrics on compact Riemann surfaces. We extend in section ([3]), this notion to any integrable 
metric hx,oo on X^ namely we construct a singular Laplacian denoted by Ax, 00 defined on A''^''^\X). 
Our first theorem (theorem (|3.3p ) is stated as follows: 

Theorem 1.1. There exists {hx,u)u>i 0, sequence of smooth hermitian metrics on X , converging uni- 
formly to hx,oo such that: 



1. 



2. Ax. 00 is o- linear operator from A^'^'^^X) to 'Hq{X) (where 'Hq{X) is the completion of A'^^''^^ (X) 
with respect to the -norm) . 

3. 



^Notice that in |17l . by definition T{{X,hx),iO,hQ)) is equal to f^^(O), where Ai is the Laplacian associated to 
({X,hx)\{0,ho)) and acting on A^°•^^X). But from FT9' (6) p.l31], we have C^(0) = CaiW- 
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for any G A^^^\X). 

Since hx,u is smooth, a classical fact, see [5^ P-94], asserts that (/ + Ax,ti)~^ is a compact operator 
on T-Lq{X), for any u > 1. It is natural to ask if / + Ax,oo is invertible in a suitable space. The answer 
to this question is given in the following theorem (theorem (|3.8p ): 

Theorem 1.2. The operator Ax. oo admits a maximal selfadjoint extension to a space, denoted hy'H2{X). 
We denote this extension also by Ax,oc- The operator I + Ax,oo is invertible, more precisely, we have: 

(/ + Ax,oo)(/ + Ax,oc)"' 

on 'Ho{X), where I is the operator identity ofH^lX). 

{I + Ax.ooy\l + Ax,oo)^I, 

on 'H2iX), where I is the operator identity of'H2iX). 

The proof of this theorem will be split into two steps, but before we need to establish two technical 
results (|3.4p and p.5p . In the first step, we prove the following theorem (theorem (|3.6p ): 

Theorem 1.3. The sequence ((/ + Ax,ti)^^)^^-|^ converges to a compact operator denoted by {I + 
Ax,oo)^^ : HoiX) — !• HoiX), with respect to L\ ^-norm. 

We extend the operator Ax,oo in the second step, this is the goal of the subsection p.2p . where we 
review the notion of selfadjoint extension of Laplacians in the classical setting. Using theorem p.6p . we 
establish that Ax,oo admits a maximal positive selfadjoint extension. 



Next, we prove that A^.oo has a infinite discrete and positive spectrum, and by an operator theory 
argument it admits a heat kernel e~*'^^'°° for any t > 0. The following theorem (see p. 121) ) shows that 
g-tAx.cxj jg limit of a sequence (e~* ^'")u heat kernels attached to {hx.u)u>i, a sequence of smooth 
metrics on X . 

Theorem 1.4. For any t > 0, we have: 

(e-*^x.„) ye-'^--, 

In particular , e~*^^ °° is a compact operator from 7iQ[X) to 7iQ{X) . 

In order to prove this theorem, we show first that the sequence (e *'^-^ ")^ converges to a limit, for 
any t > 0. Then, we conclude using the uniqueness of the heat kernel. 

In subsection p.3p . we study the spectral properties of Ax.oo- We introduce Ox.oo, the associated 
Theta function and we prove, as in the classical theory, that 9x,oo{t) is finite for any t > 0, that is the 
theorem p.l6p . The theorem p.l7p is the core of the article: If we denote by {Xoo,k)k£fi the sequence of 
the eigenvalues of Ax,oo counted with their multiplicities, and ordered in increasing order, we have: 

Theorem 1.5. We have, for any t > fixed: 
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and 



1 r'-^ 1 



is finite for any s G C, smc/i that Re(s) > 1. T/izs function of s admits a meromorphic continuation to 
the whole complex plane with a pole at s = I, and it is holomorphic at s ~ 0. We have, 



oo 



Cx,oo(0) = -^^dt + ^b^,., - 600.0 + '^^^^dt = Jim (C^,J0))„>^, 

where 600,-17 '^'^e '"ea^ numbers and px.oo is a real function such that 9x,oo{i) — -^^j— ^+6oo,o+Px,oo(0; 
and px.oo{t) = 0{t) for t > Q sufficiently small. 

The proof of this theorem rehes on some technical lemmas, and on a critical result which gives a 
uniform lower bound for the first nonzero eigenvalue of l^x,u for any m > 1. 

We provide in theorem p.2ip a new approach to extend the Quillen metrics to integrable metrics on 
compact riemannian surface; we prove the following result: 

Theorem 1.6. We keep the same assumptions. For any p G N, let /iq,((x,ljx p);(C',/io)) Quillen 
metric associated to ((X, wx,p); (C, ^o)) • We have, the sequence \ hQnx,uix );{,0,ho))] converges to 
a limit, which does not depend on the choice of {hx,p) j^^^- We denote this limit by /iq,((x,ljx a^).{0,ho))- 

We finish this section, by comparing both methods. This is done in theorem (j3.22p . it is stated as 
follows : 

Theorem 1.7. We have, 

hQ.X{X,ujx,oa);{0,ho)) = ^i^((X,t^x,oo);(0,?io)) exp(Cx,oo(0))- 

We recall and review in section ^ some classical notions used through this article. In section ([5]), we 
prove some technical results. 

Acknowledgments: This work is a part of the author's Ph.D thesis [T^ under the supervision of Vincent 
Maillot. I thank him for his suggestions and encouragement throughout my work on this project. I thank 
Gerard Freixas for the many hours of mathematical discussions on the topic of this work, and also Dennis 
Eriksson. 



2 The Laplacian on compact Riemann Surface 

Let us recall the construction of the generalized Laplacian A acting on A^^'^\X). We will emphasizes 
that this construction does not require the smoothness of hx, we can assume that hx is only continuous. 

Let hx be a continuous hermitian metric on TX, and ho a constant metric on O. We denote by tox 
the normalized Kahler form associated to hx, given on any local chart of X as follows: 

i , / d 9 \ , ^ 

ujx = TT'^xi -TT^ T' ^ 
2tt \oz ozJ 

This metric induces a metric on the space of differential forms of type (0,1). Tensoring by ho, 
the metric of O, we obtain a pointwise inner product at any x & X: {s{x),t{x)) for two section of 
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= A"^i{X) (8)c-(x) A°{X), and = or 1. The inner product of two sections s, t e A^'^X) 
is given by the formula: 

(s,i)L2 = / (s{x),t{x))ujx- 



X 

The Cauchy-Riemann operator do acts on the forms of type (0,q) with vahies in O. We have the 
Dolbeault complex: 

Its cohomology is known to be the sheaf cohomology of X with coefficients in O, cf. for example [9]. 
The operator do admit a formal adjoint for the inner product i^; namely an application 

which verify 

for any s g A^''^{X) et t £ A^''^'^^ {X). It follows from the definition that the operator do is given by the 
formula: 

do = ^ dKx»o**i, 
see for instance |211 §.5], where *o and *i are the following applications: 

and, 

*i : A"^\X) — > A^^°{X,0*). 
They are the unique applications which satisfy the following: 



fix) A *o{g{x)) = f{x)g{x)uj^, 

and 

(fdz) A *i{gdz) = (f dz{x), g dz{x)) ^ujx{x), 

for any x E X such that f,g £ A'^''^{X). Notice that in order to define *o and *i, we do not need that 
hx to be smooth. We can show easily that these morphisms can be written respectively on a local chart, 
as follows: 

*o(.9) = 

and, 

*i (gdz) = -gdz. (1) 

We denote by A2^, or by A^, or simply by A the operator d*odo on Following [19, Definition 

8.1, p. 101], we call it the generalized Laplacian associated to hx and ho- 

Remark 2.1. Even hx is not smooth, the operator A^ — OqOo is well defined. 
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Lemma 2.2. Let {X,hx) be a compact Riemann surface such that hx is continuous, and {0,ha) the 
trivial line bunlde equipped with a constant metric such that ho is smooth. The Laplacian A associated 
to hx and ho, is given locally as follows: 



3 The variation of metric on TX and the operator Ax oo 

In this section, we construct a singular Laplacian, Ax,oo attached to an integrable metric on X, and we 
study its spectral properties. 

3.1 The singular Laplacian Ax,oo 

Let X be a compact riemannian surface, and we equip O the trivial line bundle on X with constant 
metric ho such that ho{lA) — 1- We endow X with an integrable metric hx,oo- By definition, there 
exist hi^ao and /i2,oo two admissible metrics (see (j4.3p ) such that hx,oo = ^i,oo ® ^2^i!»- Let (ft.i,„)„gN and 
{h2,n)n&i be two scqucuces of smooth semipositive metrics which converge uniformaly to /ii^oo and /i2,oo, 
respectively. Let hx,n '■— for any n G N, and we consider the family (hx.u) attached to 

this sequence as in (|5.1|) . Recall that hx,u is a smooth hermitian metric on TX. We denote by ujx,u the 
normalized volume form attached and by ^ the Laplacian attached to hx,u and ho for any u cx)[. 

For all u oo], we denote by L\ ^ (resp. (•, Ol^.u) the hermitian norm (resp. the hermitian product) 
induced by hx,u and ho on A^^'°\X), as in the previous section. We denote by 'Ho{X, u) the completion 
of ^("^^o) [X) with respect to j^-norm. 

Lemma 3.1. The family {L\ ^—norm,s)u>i forms a sequence of uniformly equivalent norms on A'''^''^\X). 
In particular, 'Hq{X,u) does not depend on u, we will denote it by HqIX). 

Proof. It suffices to notice that {hx,u)u>i forms a bounded sequence, and we conclude using the com- 
pactness oi X. □ 

Definition 3.2. For all ^ G we set: 




(2) 



for any f G A^'^{X), where {^} is a local holomorphic basis ofTX. 
Proof. See for instance |14[ definition 2.3.3]. 



□ 




where {■§;} is a local holomorphic basis of TX. We say, Ax,oo is the Laplacian attached to hx,oo and 



ho- 



In the following theorem, we prove that Ax,oo is a linear operator defined over A(O'O) {X) with values 
belong to TLq{X). 



Theorem 3.3. Keeping the same hypothesis as before, we have: 



1. 



lim ||A^_„C 




,oo 



< oo 
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2. Ajf_oo is a linear operator from to ^^{X). 

3. 

I 

for any^,^' G A^^^iX). 
Proof Let ^ e We have for any u>l: 

where {■§^{x)} is local basis TX in a open subset U containing x. 

For any u > 1, the Laplacian Ax,u has the following expression: x G U : 



-'..«-Kl<^).|<^))'"£(il)- 



We have: 

0* . . 6> 



^'^Kdz'dzJx dz\dz) dz\dz) 



h (a. dS\ 



Note that a; h- > hx,oo(^-§^, hx.u(^-§^, restriction on [/ of a global continuous function 

on X. hence bounded. Recall that (hx u) > hx oo- Using a partition of unity and according to the 

dominated convergence theorem, we get: 

V92; ' 9z/ dz\dz) dz\dz) 



X 



if,-, f d d (9 /9f \ 9 /9f\ , ^ 
= — / lim/ix,«K-,^ ■^[-^]-^[^}dz Adz 

— * I'm / /i 9\-ii9/9^\9 f'^^^ti^Afte 

^'"\dz' dzJ dz\&zJ &z\dzJ 



IX 

= lim II A„ £||^, , 
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this proves the first claim. 

The linearity in the second claim is obvious, and the second part follows from the first one. 
Now let G we have 



dz A dz, by Stokes' theorem 



X dz 
X (fz dz 



We infer, 



, 



dzAdz>Q. 



□ 



We prove now, some technical results which will allow us to study the spectral properties of Ax,( 
We introduce the following function: 



d d 



Vw > 1, 



where {^} is a local holomorphic basis of TX. 

Note that 5x does not depend on the choice of the basis. Indeed, since hx,u{-§^,-§^) — ~ 
p{u))hx,p-ii-§;, ^) + p{u)hx,p{^, ^), for any p e N*, u e [p - and {^} a local holomorphic 
basis of TX. Then 



hx,p (^.^) hx,p-i{^, -§i) - hx,p{-§^, ^) 



Which is clearly a well defined continuous function on X. We know that {hx,p)peN converges uniformly 
to hx oc, then there is a constant Ci such that: 



6x{u) < ci 

where [u] is the round down of u. 
Proposition 3.4. We have the following: 



X,[u] — "X,[«] + l 



hx,[u] 



+1 



Vu > 1, 



(3) 



du 



<Sx{u)\\A,j\ 



for any ^ e and u> 1. 
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Proof. Fix ^ e Using the expression of the Laplacian, we have: 

Recall that ^ (log /ix,u(^, ^)~^) ^ continuous function on X which does not depend on the choice 
of the basis. 



We have, 



du 



du 



X 



ou ^ oz oz ' 



(4) 



<\Sx{u)\^ hx,ui^xX^xJPx,^. 

Jx 

which yields the assertion. □ 
Recall that for any 1 < u < cx), there exists a compact operator (/ + Ax,u)^^ on Ho{X) such that: 

(I + Ax,ay\l + Ax^u) ^ lo, 

where Iq means the identity operator of A'-^'^'>{X). We study next the variation of (/ + Ax,u)^^ with 
respect to u, but first let us recall the following fact: Let A be a Laplacian associated to smooth metrics. 
Then 

ll(A + /)-^|| <1, (5) 
where || • || is the induced metric. Indeed, we know that the eigenvectors of A form a complete orthonormal 
system for the completion of with respect to the metrics. So, if we denote an orthonormal 

basis of eigenvectors of A, then for any ^ G there exists (aj)jgN a sequence of complex numbers 

such that ^ — ai4)i and one checks that 



Proposition 3.5. We have, 



where C3 is a constant. 
Proof. We have, 

d 



<C3\Sxiu)\ Vu>l. 



L2 00 



= -a+A, 



.-idA, 



du 



{I + A^J ^ Vu>L 



Now let f] £ A^°-"\X) and put ^ = (A^ „ + we have 

dAx,u 



du 



(A,,„+/)-S 





2 




2 






du 





< |<5x(w)| (A,,„e,A,.„e)^, „ bydH 

= |<5x(u)P(A,,„(A,,„ + A, „(A^,,„ + 

= \Sxiu)\' (ri ~ (A,,„ + (A,.„ + /)-ir;) 

<2|<5xMPh||i.„, 
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Thus 



Since 
that: 



<2\6xiu)\ Vu>l. 



and II • 11^2 „ for any u > 1 are uniformly equivalent, there exists C2 a constant such 



— / 

9m 



•(A« + /)-' 



< C2|i5x(m)| Vm > 1. 



(6) 



By the same argument and using the first claim, we can find a constant C3 such that 



du 

<c^\5x{.u)\ Vu>l. 



L2 00 



That is, 



<C3|(5x(m)| yu>i. 



L^,oo 



□ 



Theorem 3.6. The sequence ((/ + Ax,ti) ^)„>]^ converges to a compact operator denoted by {I + 
Ax,oo)"^ : y-oiX) — > na{X), with respect to L\ -norm. 

Proof. According to ([3]), we may assume that = 0(:;j2)- This yields for any q > p 



A, 



iy'-(A^ 



< 



C3\Sxiu)\du by ([XSl 



« 1 
0{ — )du 



0(1 -i 

Vgr p 



yp,q'> 1. 



Therefore, the sequence of compact operators ((A^^ + /) ^j^^p, converges to a operator which we 



□ 



denote by (/ + Ax. 00) ^ ■ This operator is compact according to (j4.4p . 
3.2 A maximal positive selfadjoint extension of Ax,oo 

The main goal of this paragraph is to prove that Ax. 00 admits a maximal selfadjoint extension to a large 
subspace denoted by T-L2{X). 

Let us begin first by reviewing some facts about the notion of selfadjoint extension of Laplacians. For 
simplicity, we restrict our selves to Compact Riemann surfaces. Let X be a compact Riemann surface. 
Let ujx be normalized Kahler form on X, and ho a constant metric on O. For 

we define an hermitian product "0) as before, the corresponding norm will be denoted by || • ||, and 
we will call it the L^-norm. We let 'Ho(^) be the completion of the pre-Hilbert space {^A^^'^^X), (, )). 
One proves 'Hq{X) does not depend on the choice of the metrics. More precisely, given two continuous 
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metrics on X and using the compactness of X, we obtain two equivalent metrics on A^^'^'>{X). 

When the metric of X is smooth, it is known that the Laplacian has a complete orthonormal sequence 
of smooth O-valued eigenfunctions 4>q,4>i,4>2t ■ ■ in 'Ho{X). In particular, we have: 

oo oo 
fc=0 fc=0 

We set, 

oo oo 

H2{X) = {0 = ^afc</)fc|^A2|afep <(x)}. 

fe=0 A:=0 

We have, 

CH2(X) CHo(X). 

The right-hand side inclusion is obvious, and the other one can be deduced from [4, § 14.2.2 p. 367]. Since 
Ho(^) is complete with respect to || • ||. Notice that 'H2{X) is the completion of A'^^^'^^X) with respect 
to the following norm || • ||2, defined as follows: \\4i\\\ = + ||A0|p, for any G A'-'^'^\X). 

One can view H2{X) in a more intrinsic way, namely as the set of S Ho{X), such that there exists 
(0j)jgN, a sequence in A'^^''^\X) converging to (f> with respect to L^-norm and such that the sequence 
(A(/)j)jgN admits a limit in HoiX). So, we can write, 

n2{x) = {i + A)-^no{x). 

Let (J) G ■H(X), by definition there exists a sequence in A'^^'^'' (X) converging to (/) and such that 

(A(/)j)jgN admits a limit. We can check easily that the limit is unique. This previous point motivates the 
following definition: We let Q be the operator on T-L2{X) given by Q(0) = lim^gN A0j for any </> G T-L2{X) 
and ((/)j)jgN described as above. Then Q is a maximal positive and selfadjoint extension of A with domain 
Dom((3) = n2{X). We claim that, 

QW = - 0, (7) 

for any </> G 'H2{X), where ip is the unique element in Ho{X) such that (j) — {I + A)~^ip. Let us verify 
the last claim; Let cj) G 'H2{X), since / + A is invertible then there exists a unique ip G HoiX) such 
that (/)=(/ + A)~'^ip. Now, let ('0j)jgN be a sequence in A'^^'^^X) converging to ip with respect to the 
L^-norm, it follows that 

(0,:= (/ + A)-V,),.^^ 

converges to (p with respect to the L^-norm. Since, Q{(pj) ~ A(j)j = ipj — ipj for any j G N, hence 
(Q(0j))jeN converges io ^ — (p. Then, 

Q{cp) = V - 0, 

If T is an extension of A, that is a linear selfadjoint operator T : Doni(T) — > T-Lq{X) such that: 
T~l.2{X) C Dom(T) and the restriction of T to H2{X) is Q. Pick (p = X^jlo 'Ha{X), then there 

exists 6j G C for any j G N such that: 

oo 

We have, 

&j = iT{(p),(pj) = {(p,T{(pj)) = ((?!),Q((?!)j)) = Xj{(p,cpj) = XjUj. 
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Recall that \\T(t)f = ^"^^ \b,\^ < oo. From this we mfer, J2T=o < ^^ence e -H2(X). We 

conclude that T — Q. We say Q is a maximal selfadjoint extension of A. 

Our goal now is to construct Qoo, a maximal selfadjoint extension of the operator Ax.oo- Let {hx.u)u>i 
be as before and let (Ajsf,ii)ii>i be the sequence of the associated Laplacians. 

From p.6p . the sequence ((/ + Ax,m)^^)^^j^ converges to (/ + Ax.oo)^^, with respect to one L\ 
norm hence for any L\ ^-norm with v fixed. We have also that (/ + Ax,oo)~^ is a compact linear operator 
on 'Hq{X). Note that (/ + /S.x ,u)~^'H-o{X) does not depend on u. Indeed, this follows from the previous 
discussion, and the fact that the metrics are uniformly equivalent. Then, 

n2{x) = {i + Ax,ooy'no{x). 

Claim 3.7. Let H be a Hilbert space. Let (|| • ||u)u>i be a sequence of uniformly equivalent hilbertian 
norms on H, converging || • ||oo, a Hilbert norm on H . 

Let {riu)u>i o-nd {r]u)u>i two sequences in H , converging respectively to rjao and rj'^ with respect, hence 
any norm \\ ■ \\y with v >1. Then, the complex sequence {{ilu,il'u)u) ^-^-^ converges to {r]oo,v'oo)oc,- 

Proof. We have, 

{Vu,Vu)u - (»7oo,?7j„)oo = iVu - Voo,v'u)u + {V^,V'u - V'oo)u + {Voc,v'oo)u - (»7oo,?7j„)oo. 

Now, using the assumptions, there exists a constant Af such that \{riu — ^yoc^u)" + (jloo,fl'u ~ v'oc)u\ < 
M(||77„-77oo||oo + ||'7u^77mIIoo), and since (|| • ||„)„>i converges to | 

' II OO conclude that (^{tIqq , Voo )^) > i 

converges to {rjocVDoo- 

□ 

Let (f) e H2{X). There exists a. -ip £ HoiX) such that cj) — {L + Ax.oo)^^^/^- We claim that tp is unique 
and we will prove the uniqueness later (see the proof of (|3.8p ). Then we define Qoo, an extension of Ax,oo 
as follows: Let (j) E H2, so, by assumption, there exists a unique ip G Ha{X) such that cj) = (/+ Ax.oo)^^'0i 
we set: 

Qoo{<P) -.^Ip-fp, 

Let us check that Qoo is a positive selfadjoint extension of Ax,oo- To establish the positivity of Qoo 
we need the following claim: There exists a sequence {(f>u)u>i in 'H2{X) such that (0u)u>i converges 
to 4> with respect to any i^-norm, and such that (Qu(</>u))u>i converges to Qcai<P)- Indeed, Let (pu '■= 
(/ + Ax,„)" V, Vm > 1. We have 

((/ + Ax,„)~V)„>i + ^x.oo)" see (EH) 

Note that Qu{4>u) = ip ~ 'Pu (see ([7])), which converges to -0 — = Qoo{(f>) ■ Now, recall that Qu is a 
positive operator with respect to (,)„. Namely, {Qu{<l>u),'t>u)u > 0. Since ((,)ti)^>;^ converges uniformly 
to (, )oo and according to the previous claim (|3.7p . We conclude that 

(Qoo(0),0)oo > 0. 

Using the same argument, we prove that Qoo is selfadjoint. 

Let G A(°'°\X). By the following element ^ := (/ + Ax,oo)0 belongs to Ho(^) , and 

(/ + Ax«)" V > [I + Ax,oo)- V, 
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therefore, 



Let T be an extension of Qoo, that is a positive selfadjoint hnear operator T : Dom(r) — > Hq{X) such 
that ■H2iX) C Dom(T) and Ti^^^^^ = Q^o- Let (f) e Doni(T), put ip := {I + T)<j). We have ip e •Ho(^), 
thus e -.^{1 + Ax,oo)" V e 'H2(V). Hence, 

(/ + T){0) = + Qoo W = d + ii'-0)=^p. 

But recall that i/j = (/ + T)(?!), then 

(r + /)(0-0) = 0. 

Since T is a positive operator, and so is T + /, it follows that 

</> = 0= (/ + Ax,oo)~V• 
Therefore, 

Dom(T)=%(^) and T = Qoo- 
So Qoo is a maximal positive selfadjoint extension for Ax,oo- 

Theorem 3.8. The operator A^.oo admits a maximal selfadjoint extension to 'H2{X), we denote this 
extension also by Ax,oo- We have: 

(/ + Ax,oo)(/ + Ax,oo)-' =/, 

on 'Hq{X), where I is the operator identity ofH^lX). 

(/ + Ax^oo)"'(/ + Ax,oo) =/, 

on 'H2{X), where I is the operator identity of'H2{X). 

Proof. The first assertion follows from the previous discussion. 

Recall that we supposed there exists a unique ip e T-Lq{X) such that (/)=(/ + Ax,oo)^^V'- Let us 
prove this point. It suffices to prove the following: 

(/ + Ax,oo)(/ + Ax,oo)~' =/, 

on UaiX). 

We fix C e A'^°^°\X). We have, 



1™ A^.^„,^ 2 = Ax_^^ U, < oo see 



|2 



and 



du 



see ((5^ . 



We deduce, (for fixed ^), there exists C, a constant such that: 

9A, 



du 



< CSxiu), 
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for u ^ 1. Remember that the different norms u uniformly equivalent, so we can find C such 
that: 



du 



Therefore, 



< C" / 6x{u)du, 
Jp 

Thus (A^p^)pgN converges to with respect to ^. 

Now, let V e noiX) and ^ e Using dXT]), we have 

((Ax.oo + /)(Ax.oo + = ((Ax,oc + (Ax,oo + I)Ol-,oo 

= lim ((Ax,„ + /)-V,(Ax,. + /)0l2„ 

So, we have proved that for any ip € Ho{X), 

((Ax,oo + /)(Ax,oo + /)- V - V', - ve e 

To conclude, recall that if D is dense linear subspace of a Hilbert space (H, {,)h), and suppose there 
exists V G H such that {v,z)h — for all z £ D, so v = 0. Indeed, take (zj)jgN a sequence in D 
converging to v. We have {v,v)h = linijH^oo(w, 2j)_ff = 0. 

Applying this claim to H = HoiX), D = A^"-°\X) and v = (Ax,oc +/)(Ax,oo +/)" V- V'- It follows 
that, 

(Aa-,oo+/)(Ax,oo+/)"' 

on HoiX). 

Now, let us prove the last assertion of the theorem. Let ^ e H2{X) and ip £ Ho{X), we have 

= (Ax,oo + /)(Ax,oo + /)^V)i2,^ 

Then, 

on Ho{X). 

Corollary 3.9. A^ ^ has an infinite positive discrete spectrum. 



□ 



Proof. The existence of the spectrum and its nature follows, for instance, from [15' theorem 3.4 p. 429]. 
The positivity is a consequence of the positivity of the operator A^^ ^ . □ 



Theorem 3.10. A. 



admit a heat kernel, we denote it by e , t > 
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Proof. We proved that ^ '^^ ^ positive selfadjoint operator. Then from (|4.13p . we deduce that 



generates a semi-group e for any t > 



□ 



Proposition 3.11. There exists {hx.u)u>i o, family of smooth hermitian metrics on TX converging 
uniformly to hx,oo, such that for any fixed t > Q: 



d_ 
du 



^0{Sx{u)) Vu>l. 



Proof. We have, 



du 



/*e-(*-^^^"((a„log/ix,n)A")e-«^"ds by m 

= - f e-^'-'^^^ {du\oghx,u)dse-''^^ds. 
Jo 

For fixed w > 0, let (0ti,fc)j,gpj be an orthonormal basis with respect of L'j^ ^, as an example, we can 
choose a set of eigenvectors of A^^. Let ^ e A^^''^'>{X), there exist real Ok for any fc G N such that 
? = LfcGN au,k<l>u,k- We have. 



,ke -^"•''*<j>u,k 



dte = - au,kK,k 

keN 

= -- ^ au,kt-^u,ke^^"-''*<l>u,k, 



Since a^e"" < 4e~^,Va > 0, it follows that 

2 

L^,u t"^ 



< 



^ ^ \ ^ 2 

^2 

^2 \\^\\L^,u'' 



Therefore, 



n -tA^ 



< Vi>0. 

L2.« t 



Using the fact that all the norms are uniformly equivalent, we can find two constants Mi and M2 
which are independent of u such that: 



dte 



<— Vm, Vt>0. 

L2,oo t 



and 



lL2 , 



< M2 Vs>0. 
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Fix t > 0. for any u:$> 1 



< 



L2. 



-^'-''>^"{iduloghx.u))ds 



ds 



1 

< MiM2Sx(u) / -ds 
^0{6x{u)) 



L2 oo 



Using an integration by parts, we get 

t 

' e-(*-^)^" {{du log /ix,«))5,e-^^"ds 







= (9„ log /ix^„)e-^^-- - e-*^-- (9„ log /ix,„)/ - / ' ^.(O-^*-'^)'^") (a„ log /^x,„)e-^^"ds 



e—-'^-.^{du\oghx,u)e—-'^-.-^e-'''-:^^{du\oghx,u)I+ / log /ix,«)e-(*-^)^"ds, 



Then there exists a constant Afs such that: 

e-(*-^)^"((a„log/ix.«))9.e-^^"ds < M3,5x(^z). 



L2. 



We conclude that: 



d_ 

du 



0((5x(u)) Vu>l. 



(8) 
□ 



As an application of the previous results, we show that e can be approximate by a sequence 

of heat kernels associated to smooth metrics. 



Theorem 3.12. for any t > Q, we have: 



^ n-i.+oo 



In •particular, e is a compact operator from Ho{X) to T-Lo(X). 

Proof. By ^ and (|4.4p . the sequence (e"*'^^ " converges to a limit, which will be denoted by Lt 
for any t > 0. According to (|4.4p . it is a compact operator. 
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By assumption, we may assume that 1 — 7^^^ ~ ^(m) ^^^^ u S> 1. On the other hand, we have 
^x.oo = fe^Ax,«. Then 



nx 

hx,oo \ „ -tA, 



If we fix to > 0, we have shown that jjc^fe^*'^^ " 11^2 ^ is bounded for any t > tg. It fohows that 



{dt + A^^)Lt^O \/t>t, 



0- 



Moreover Lt ^ I when 1 1~> 0. Since e satisfies the same properties, and by the uniqueness of the 

heat kernel solution, it follows that Lt = e~*^^'°° , for any t > 0. □ 

3.3 The trace and the Zeta function associated to Ax,oo 

For any u g [1, 00], we consider the norm ^ on A^'^'^'>{X), we recall that this norm is induced by hx,u 
and ho (a constant metric on O). An operator T on the completion of A^'^'^'>(X) with respect to i^c « 
is said to be of trace-class if the sum X]/ceN(-^5".fc' ^".*:)i,2 „i is absolutely convergent for one, hence any 
orthonormal basis (C«,/c) ^.^pj- The value of this sum, which is independent of the choice of the basis, is 
called the trace of T, and will be denoted here by Tr,((T). 

For any u £ [l,oo[, we consider the operator p^e"*'^-^ ", where P" is the orthogonal projection with 
kernel equal to H^{X, O), with respect to ^. We will need the following lemma, which describes the 
variation of (P")„>i with respect to u sufficiently large: 

Lemma 3.13. We have, is a bounded operator and 

Qpu 



du 



= 0{5x{u)), Vm>1. 



Proof. Let 1 < u < 00. By definition of P", we have for any ^ e A^'^{X), there exists a*^"^(^) a complex 
number, such that 

p«e = e + a("'(eB 

Then a^") {£) satisfies: 



We have 



Since {hx,u)u converges to hx,ao uniformly, then ^(l.l)^^^^^^ is bounded. Then, there exist constants 
m, m' > such that: 



L2 



u ; 



■^We view a'^'{^) as an element in A'-°-°^X). 
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then is bounded with respect to L"^ ^ , and 



Qp(u) 



du 



< m 



+ m\\^\\L^,u 



Vm > 1. 



LetC,77e wehave 

< <^Jf (u)||'C||i2 „||^IL2 „ by Cauchy-Schwartz inequaUty. 
Recall that the metrics are uniformly equivalent, we deduce there exists a constant m" such that: 

Qp{u) 



du 



Then, 



gpu 

du 



<m"<5x(«)||e|L.,^ 
= 0{6x{u)), 



Vu > 1. 



We need also this technical lemma: 
Lemma 3.14. Let {cn,i : n G N} be a family of positive real. We have 

lim inf Cni> 7^ lim inf c„ i . 

i i 

Proof. Let N be an nonzero integer. We have 



N 



Ck,i > inf c;,i, Vn Vfc > 

'—^ l>n 



n 



then. 



then. 



N 



inf Ck,i > inf Vn 

k>n'-^ '-^ l>n 



i=l i=l 



limmf > c„ i > 7 limmfc„ 

i i=l 

Since all the terms are positive, we conclude that, 

lim inf Cni> \^ lim inf c„ , . 



□ 



□ 
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We recall that when u > 1, the metric hx,u is smooth, then the spectral theory of generalized 
Laplacians states that the operator p'^^-t^x,^ jg Qf trace-class, for any t > Q. One defines the so-called 
Theta function given by 9x.u{t) = Tr„(i-'"e~'^^'"). If {Xu,k)keti is the set of eigenvalues of Ax.u counted 
with multiplicity and in increasing order, we have 

dx,u{t) = > 0, 

ken* 

we refer the reader to chapter 2 of |2]- 



The smoothness of the metrics is a necessary condition in order to use the classical spectral theory 
of Laplacians. But, an integrable metric may be singular, as in following example: Let the complex 
projective line. Since TW^ ~ C'(2), we can endow with the following metric: 



'Pl CO 



{s,s){[xo ■■ xi]) 



\s{[xo,xi])\^ 
maxdccol, \xi\y 



y[xo,xi] e pi 



where s is a local holomorphic section of 0(2). Then, we can show that /ipi.oo is a singular integrable 
metric. 



Definition 3.15. We set. 



exMt) :=Tr(P 



=) vt>o. 



where P°° is the orthogonal projection with respect to ^ with H^{X, O) as kernel . We say Ox.oo, is 
the Theta function associated to Ax,oo. 

Theorem 3.16. We have, 

< 0x,oo{t) < OO Vt > 0, 
hence p°°e~*^^'°° is a trace-class operator for any t > 0. 
Proof. From (1^ . 

Troo((Ax,„ + /)■') < {Ax,u + I) 
and by (|4.1ip , we have for any < e ^ 1 and any 1: 



Vm > 1. 



l.oo 



(9) 



1-e 



Also, we have: 



'Ax,u + I) 



{Ax,u +iy 



< 



{Ax,u + 1) 



<l±l 

i,oo 1 — e 



iAx,u + 1) 



E 

keN 



1 



{K,k + If 



<Cx«(2) + l<oo yu>i, 



(10) 



(11) 



where {Xu,k)keN is the set of eigenvalues of Ax,m ordered in increasing order, and Cx.u is the Zeta function 
attached to Ax,u which is finite on the set {s G C | Re(s) > 1}, see [2, § 9.6]. 

From pTI)l and pTjl . we conclude that {Ax,u + l) ^ is a trace-class operator for the norm ooj 
for any u sufBciently large. Hence Tr((Ax,u + l) ^) is finite. 



By the Lidskii theorem, (cf. (j4.8p ) and since {Ax,u + l) ^ is a trace-class operator for then 

Troo((Ax,ti + 1) ^) is the sum of its eigenvalues counted with their multiplicity. But they are positive, 
hence 



Troo((A 



X.: 



{Ax,u + 1) 
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We have 

^ ( A^,„ + !)-' = - (Ax,. + ir'^{Ax,u + iy ( Ax,„ + 1)-' 



hence, for u sufficiently large 





((A.. 






— Tr 






du °° 









Tr.((A.,„+/)%^(A.,„+/) 



Tr^((A,,„+/) 



= 2 
< 2 



5A, 



9u 



du 

Tr^((Ax,„ + /) 
by (123 



-1 dAx,a ^ 

du 



A 



Xa 



dA 

(A^_„ +/)^^(Ax,„ + /)"\ by® 



l,oo 

by © and (HH 



< C(5j(: (w) (Ajf^u + /) ^ the existence of c follows from (fTU)) . 



We have proved then the following: 

8 



du 



Tr^ A 



<c5x(M)Tr^ (A^_„+/ 



If we set a{u) := Troo((Ax.M + /) ), then the last inequality becomes: 

d 



—aiu) < cSx(u)a(u) Vm > 1. 
du 



Thus, 



log 



a{u) 
a{u') 



< c 



6x{v)dv 



Vu > 1. 



From ([3]), we can choose {hx.u)u>i such that : Sx{u) = 0{-ij) for any u^ 1. Then, 

a{u) 



log 



a{u') 



< 



Oi\)dv =0(|i-l|) Vu,m'>1, 



It follows that u I— > Q!(u) is bounded on a interval of the form [A, oo[, and we choose ^ > 1. 



For any i > 0, there exists Ct a constant such that: 



Va > 0. 



If we denote by dx,u the Theta function associated to Ax.m then 

OO OO 

QxA^) = < Ct ^ — ^ = Ct a(u) > 1. 

In particular, this inequality holds for any u~> A. Since, u i— > a(u) is bounded on [A, cx)[, we conclude 
that for any t > fixed, the following sequence: 

(fx,«(t))„>^, 
20 



is bounded. 



To establish the theorem, that is P°°e is a trace-class operator for any i > 0, it suffices to find 

< e <C 1 such that: 

and since the right-hand side is bounded, this yields to: 

dxMt)<°° vt>o. 

So it remains to prove there exists < £ ^ 1 such that: 

1 — S u^oo 

In order to prove this claim, we start by comparing iT„(P°°e"*'^^'°°)ocE| with (Tn(^'"e^*'^^'")oo for any 
li 3> 1. Let i? be a finite-rank operator such that its rank < n. We fix t>0, we have 



L2,oo 



< II /^^e~^^^^3« _ _pcOg — iAx,ii II MpoOg — iAx,ii _ pu ^—tAx.u || \\pu^-t/^x,u 

— II IIl-^.ooII IIl-^,ooII 

— M 11-^ M ML^,oo M ML^jOoM ML^,oo M 

Since the last inequality holds for an arbitrary i?, then 

According to p.l2p and p.l3p . we know that (C'~*'^^'")ii>i (resp. (P")u>i ) converges to e~*^^'°° (resp. 
to P°°) with respect to the norm L\ ^, and that the real sequence (||e~*^^'" ||^2 is bounded, hence 
the previous inequality yields to: 



Therefore, 



a„(P°°e-^^^'°°)oo < liminf (7„(P"e-'^^-)oo. (12) 

ex,ocW=Tr«,(P°°e-*^--) 

= ^ cr„(P°°e~*'^^'~ )oo see the definition (|43]) 



< y liminf a„(P"e-*^^ ")oo by ^ 

riGN 

< lim inf y a„ (P«e-*^^ " )oo by ([313 

riGN 

= liminf ||P"e"*'^^'" ||i,oo see the definition 



So, 



^^x.ooW < liminf |lP"e-*^--|li,oo. (13) 

Let < £ < 1, using (|4.1ip . we get 

i^||P"e-*^-"||i,oo < ||P"e-*'^--||i,„ < i±£||P«e-*^x."||i^^ V^. » 1. (14) 



'See ll24l for the definition of ct„{-) 
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Recall that 

ft^ . (-t\ = II p^p-*-^x,^\ 

I l,u 

Finally, taking into account (fT3| . (fT4)) and (jlSp we obtain: 



= ||P"e-*^^.HI ,. (15) 



We conclude that for any t > 0, the operator p°°Q~t^x,o^ jg Qf trace-class. □ 

We denote by {Xoa,k)keti the sequence of the eigenvalues of Ax.oo counted with their multiplicity, and 
ordered in increasing order. 

Theorem 3.17. For any t > fixed, we have: 
and, 

Cx,oo{s) 



1 1 



is finite for any s £ C, such that Re(s) > 1. This function of s admits a meromorphic continuation to 
the whole complex plane with a pole at s — I, and it is holomorphic at s ~ 0. We have, 

Cx.ooiO)- r%^di + 7^1-^00,0+ fP^^dt= hm (CkJO))„>^, 

Jl I Jo uh^oo _ 

where 6oo,-i; ^oo.o cti~s '"ea^ numbers and px,Qc is a real function such that 9x,oo{t) = +^oo,o+PJy,oo(0; 
and px.Qo{t) — 0{t) for t > sufficiently small. 

We introduce then the following definition: 

Definition 3.18. Let X be a compact Riemann surface endowed with a integrable metric, hx,oo- We 
set 

T{iX,u;x,oo)AO,ho)) :=Ca.,^(0), 

and we call it the holomorphic analytic torsion attached to (^{X,ujx,oo): {O, ho)), where ho is a constant 
metric. 

Before to prove this theorem, recall that for any m > 1 and any integer fc, there exist real numbers 
au-i,aufi, ■ ■ ■ ,au,k such that: 

fc 

Ox At) = + 

i=-l 

for any t small enough, see [2, p. 94]. Notice that, au,-i = 47rvol„(X), see f2\ theorem 2.41]. 

Proposition 3.19. We consider {hx.u)u>i o,s before. Then {aus))u>i o,nd (a„,_i)„>i converge respec- 
tively to finite limit when u goes to oo. 

Proof. We know that: 

a-u-i = 47rvol„(X). 

Since, the sequence of hermitian norms, (ixu)">o tends to L'^ ^. It follows that lim„H->oo ~ 
47rrg(0)voloo(X) =: floo.-i. 
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Let us prove the second assertion. Let u > 1, and t be a positive real, and we consider {{TX, thx.u)', (C, ^o)) • 
The variation of Quillen metrics associated to t is given by the fohowing anomaly formula, see [3J : 



-'^oghQ,(^(TX,thx u);i0.ho)) + '^oghQ^(^TX.hx u);(0.ho)) = / ch{0 , ho)Td{T X , thx.u, hx,u) , 

Jx 

One checks, using the local expression of the Laplacian, that: 

At,„ :— A^^TX,thx,u):(0,ho)) — ^ ^ A((TX,/ix,„);(OJio)) = ^~"^Al,u Vt > 0. 

It follows that (0) = Cai „ (0) log t + (^^^ (0), where „ denote the Zeta function associated to the 
data {{TX, thx.u); (O, ho))- We verify that: 

fd{TX,thx,u,hx,u) = ilogt+i(logi) ci{TX,hx,u), 
2 

in ^pyoA'-P-P^X), see [7' for the definition of Bott-Chern classes. Since Volf^^.^ = ^'^'"^Vol,ix.„ , then 



J ,2 dim H°(X.O)l 

n-L\{(TX,thx,u)-AO,ho)) ' n-L^XiTXMx.uhiCho))- 



Recall that. 



hQ,((TX,hx.^);{0,ho)) = hL^.((TX,thx,MOJio)) exp(-CAi,„ (0)) • 

Using the previous anomaly formula, we get 

-2dimi/°(X,O)logt + CAi„(0)logi= ilogi / ci{0,ho) + \\ogt f ci{TX,hx 

^ JX ^ Jx 

Remember that Cax,.(0) = Qu.o (see for instance JT^,, theorem. 1]), hence: 

au,o = \ I ci{TX) + 2 Vu>L 
6 Jx 

Therefore, a„.o does not depend on u. 
Proof. In order to study 6x.oo we introduce for any u > 1, the following auxiliary function: 

Note that this function is finite for any t > 0. this is fohows easily from (fT^ . We have for any u^u' > 1 

'ii,oo (t) ^u' ,00 (^) 



(16) 
□ 











pu' ^-tAx.u' 










1,00 




1,00 



< 



P" e 



-iA, 



v-tAx,^' 



dv 



dv 



( "^ pv^-tAx.^ , r>v O i^^-tA^ 



V dv 



dv 
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< 



U Qpv 

dv 

u' gpv 



< 



dv 
gpv 



l.OO 



l.OO 



dv 



,{t)dv + 2 



-,-*A, 



dv 



9vM^)dv by dm 



f 1 f 1 1 t 

<C7y ■^0^^^{t)dv + ce J ■^t^Oy^^{-)dt 



We used the following facts: S- (e ^'^^ 



dv. 



= ^(e-*^^ ")F^ and = Let us prove the first 



one: Let v > 1, and <^ S "H. There exists a(^), a constant, such that ^ — P"^ = a(^), then: 



-tA, 



-tA, 



u — u 



(since e *^^'"</) = e *^(/), if Ax.u'/' — X4>)- Therefore, for any s G C such that Re(s) > 1: 



,{t)dt 



,{t)dt 



dtdv. 



Now, we consider the following function C,u,oo'- 

1 f°° 

Cn.oo(s) := — ^ / eu,oo{ty~^dt, Vs e 
If we let S = P" in (EHl), we get 



this is yields to 



it), yt > 0, 

1 + e ' ' 1 — e ' 



1 — £ 1 + e 

:r- — Cu,oo(s) < Cx,u{s) < C«,oo(s), Vs e 

1 + e 1 — e 



(17) 



(18) 



Since Cx,u{s) is finite for any s £ C such that Re(s) > 1 and any u > 1, it follows that Coo,ti is finite for 
any s e C such that Re(s) > 1. Then, for any s G C with Re(s) > 1, we have 



< 



£8 
2" 



We claim that, it is possible to suppose that the first nonzero eigenvalue of Ax,v is > 1, for any 
V > I. Indeed, let w > 1. If we multiply ujx,v by i > 0, then the corresponding first nonzero eigenvalue 
is jXy^i. And, from and ([351), we have j{^)'^htg^{X)'^ < i/ig^,(X)2 < jA^^ for any v > 1. Since, 

htgi{X) = hg-^{X), we obtain: j^{^)'^hg-^{X)'^ < jXv.i for any v > I. Hence, for t sufficiently small, 
we can assume that X^^i > 1 for any z; > 1. 
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Therefore, we get for any s > 1: 



^ oo ^ oo ^ 



\^ 

fc=i k=i A^ j, 

oo . oo 

>y J -T — 

fc=l i-.fe i".! fc=l f^fe 



Then, using p^ . it is possible to have: 



Therefore, 

Cu,oo(^) Cti',oo('5) 



< 



C^;,oo(s) > C^;,oo(s + Vs>l,Vw>l. 



£8/ r(Re(,s)) . r(Re(.) + l) X 

2«l |r(.)| |r(.)| C..ooiKe(s)jd., 



VRe(s) > 1. (19) 



Now we assume s > 1. Let us prove that, for any Vw, u' ^ 1 and any s > 1: 



exp 



eg I 1 1 |/r(Re(.)) ir(s + i)\\ Cn,^(s) 



log 2 I 2" 2" 



+ 2'^4 . 



Cii' ,oo (^) 



< exp 



If u' t— 7- Cti',oo(s) is a derivable function for s fixed, we obtain using (jl9p 

r(Re(s) + i 



C8 I 1 1 |/ r(Rc(s)) ^^^^, r(s + i) 



log2l2'' 2"' IV |r(s)l 



r(«) 



(20) 



^^C«,oo(s) 



< 



then, 



which gives: 



^logCu,oo(s) 



|r(.)| ns)\ 
cs^r(Re(.)) , 2,+ . r(. + i) 



< 



|r(s)| 



r(.) 



l0gCn,oo(s) - logCn' 





1 1 


- log 2 


2u 2"' 



r(Re(.)) ..+| r(,s + i) 
|r(.)| ^ r(s) 



On the other hand, if u' i— >■ Cm'.oo(s) is not derivable, we apply the Gronwall lemma to the function 
I— >■ Ctt',oo(s)- Note that this function is continuous, because it is locally Lipschitz, which is a conse- 
quence of the continuity of w H> Cx,v{s), and the inequalities ((TS]) and ([T^ . 

From (fT5)) and (PO)) . there exist positives constants ci2 and C13 such that 



eg I 1 1 |/r(Re(s)) ir(s + i)\\ Cx,„W 



'^i^e^Pl^ log 2 I 2" 2"'IV |r(s)| 

for any m, u' ^ 1 et Vs > 1. 



+ 2^+4 . 



r(.) 



eg I 1 1 |/r(Re(s)) ir(s + i) 



Cx,«'(s) 



< C13 exp T- 

- V log 2 I 2" 2" 



|r(.) 



+ 2"+4 . 



r{s) 

(21) 



We know that (x,u is holomorphic on the open set {s G C|Re(s) > 1}. Let us prove that {Cx,u)u>i 
converges to a holomorphic function defined on {s € C|Re(s) > 1} uniformly on any domain of the form 
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OL < Re(s) < /3, where 1 < a < (3. We will show that this function is in fact C-X,oo- 



From (fT7)) . we have 
2e 



2e 



1 + e 



Then, 



2e 

')x,u{t) — 6oa.u{t) <- Ou,oo{i)-, 

1 — £ 



It follows that, 
Using this inequality, we get: 



< ^^Bi^Cu,oo(Re(s)) VRe(s) > 1. 



l-e \ns)\ 

l-e |r(s)| 

for any s € C such that Re(s) > 1 and for any w, u' 3> 1. 



(C«,oo(Re(s))+Cn',oo(Re(s))), 



If we choose 1 < a < /3. Then, we have already proved that (C„_oo(Re(s)))^ is uniformly bounded 
with respect to m on a < Re(s) < /3. Then, we can find a constant if, which depend uniquely on a and 
(3 such that 



C,Xm{s) - C,xm'{s) < Cm,oo(s) - C«',oo(s) 



I — £ 



for any s G C such that Re(s) > 1 and for any u,u' ^ \. 

Therefore, (Cx,ti)^>j^ converges uniformly to a limit on the set {s e C | a < Re(s) < /?}, and this limit 
is necessarily holomorphic on {s e C | a < Re(s) < /?}. 

The following claim will be used to establish that (Cx,m)m>i converges pointwise to Cx,oo on the set 
{se C|Re(s) > 1}. 

Claim 3.20. Let 9 he a positive decreasing function on M+. We let C, he the function given by: 

1 



r(s) Jo 



t'-'e{t)dt, 



for s g M. We have, 



9{a) < ^-^^^^C{s), Vs > a > 0. 



(22) 



Proof. Let a > and s > a, we have 



1 



9{ty-^dt 



> 



1 

r(.) 
r{s + i)' 



9{ty-^dt 



t'-^dt 



1 



9{t)t'-^dt 
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□ 

We will apply this lemma in order to show that 9x.u{t) uniformly bounded with respect to u for any 
t > 0. From (El), we have, 



then, if we choose s > 1 so Cx.u{s) is finite. Using (HH, we deduce that for any fixed t > 0, 9x,u{t) is 
uniformly bounded with respect to u. 

From (EHl), (123) and (1201) we get 

{0xAt))„ >dx.ooit) Vi>0. 

And using (|3.19p . we deduce easily that: 

{px.uit)),. > px,oo{t) yt > 0. 

Fix e > 0, since (Cj>s:.m(1 + ^))„>i a convergent sequence, we can find a constant c such that: 

OxAt)<^c, VO<t<f + e, Vm>1. 

then, 

0xMt) < J^c. 
Let s G C such that Re(s) > 1 + e. We have 

If* 1 

Cx,«(s) = — / t'-'-^{t'+'9xAt))dt + / t'~'exAt)dt, Vu > 1. 

^ l^j Jo i 
Since (0x,u)^ converges pointwise to ^oo, and by the dominated convergence theorem, we get: 
(Cx,u(s))«>i > Cx,oo(s) Vs e Csi.Re(s) >l + e. 

u^oo 

Let us prove the following 

oo ^ 

Cx,oo(s) = X! T^' 
for any s e C such that Re(s) > 1. Let us show first 

oo 

Cx,oo(s)=5]3— , Vs>f. 



fc=l 

Let (5 > 0, we have for any s > f + e: 

f 



_i ^oo,fc 



Cx,oo(s) = -f^ / f-^ex,oo{t)dt+ t'-^0x,At)dt 

r(s) Jo ^5 

{0xMtW^^)t''^''dt + t'-^exMt)dt. 
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Since 
then 



^ Jo(0xMt)t'^^y~^~'dt\ < j^S'-'-' and 0x,ooW < ^x,oo(^)e-^-^(*-^) for any t 



oo , poo 



°° 1 1 /■ 



oo ^ 



\s 



Remark that 



oo ^1 1 /""^ 

fc— 1 oo,/c A;— 1 ^j'c ^ ' 'J 



We conclude that 



Cx,oo(s) =^^, Vs> 1. 
Let s e C such that Re(s) > 1. For any N eN,we set 



CAf,oo(s) := 



then 



JV-l 



N-l 



Cjv,cx>(s) = Cx,oo(s) - E TT— ' ^R-e(s) > 1. 

fe=l °o.fc 

We have, 

|C»„(.,| . I J^l f .-^...).. ^ M(C..(R.(.)) - 1 ^ 

The right-hand side converges to zero when A'' goes to infinity. We conclude that 

oo ^ 

Cx,oo{s)=J2t^^ VsGCsi.Re(s) > 1. 



\s 

fe=l oo.fe 



Let s e C such that Re(s) > 1, we have 

\Cx,u{s) -Cx,u'{s)\ < \Cx,uis)\ + \Cx,u'{s)\ 

<Cx,„(Re(s))+a,„'(Re(s)). 
(because Cx,u{s) = X^fcLi when s G C such that Re(s) > 1). 

u,k 

Let X € C such that Re(a:) > 0. For any w > 1, we set: 

pc-\-ioo 



1 r 



X ^T{s)Cx,u{s)ds, 
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where c a fixed integer greater tliat 1. 



One verify the fohowing assertions: 0u{x) = X]fc>i ^ < 6'(Re(x)), 9u and 9x.u are equal 

on R+*, and that 9u{x) = + ao + for x small enough. 

We have, 
')uix) - Ou'{x) 







< 












< 













































c+ioo 



(x-^r(s)Cx,n(s) - x-^r(s)Cx,«'(s)) 

|r(s) I (Re(s)) + Cx,n' (Re(s)) 



']-oo,-l]u[l,oo[ 



\T{c + it)\dt 



-l]U[l,oo[ j^^O 



]-oo,-l]u[l 



sinh( 



see formula 1,6.1.29]. 



We verify that the last integral is convergent. Since converges uniformly on any domain of 

the form {s G C | Re(s) > 6 + 1}. Then, there exists constant K which depend only on c, such that: 

\Ouix) -9u'ix)\ < Klxl'", yx e Cs.t.Rc{x) > 0. 

We conclude that 

|p«(a;) — Pu'{x)\ < Klx]^'^ + \au.-i — a„/._i| |a;|~^, Va; G Cs.t. Re(x) > 0. 

Let r > fixed. We denote by D the curve in the complex plan, given by re*", such that — ^ < a < ^. 
If we replace x by x^ in the above inequality, and we consider fc, an integer greater that 1, then we 

get 



Puix'^) - Pu'ix^) 



dx 



<K I \x\ ^''dx+\au-i~au'-i\ 
'd 



-2-2fc 



dx. 



D 



this is yields to 



au'k \ < Kr 



-2c-2fc 



(we have used the following fact: x^^^ ''^dx — SkjTr, and recall that a„_o does not depend on u). 
Therefore, if we take < i < r, we get 



,2k 



\px,u{t'^)\ < y^}au,k\t 

k>l 

oo 

El I 2k X ^ I I 

\au,k ~ au',k\t + / ^ \au',k\t 



k>l 



k=l 
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fc>l k>l k=l 



fe=i 



Now, recall that {au,-i)u>i is bounded, see p.l9l) . If we fix w', we can find a constant ii'' and a re 
io > such that 

°o ^2 

^|au',fe|i'' <if'Y3^ Vte[0,to]. 
fe=i 

We conclude there exists a constant if" such that: 

\pxAt)\ < K"t, Vu> 1, VO < i < min(Vf,to)- 
But, we proved that pu converges pointwise to poo, then 

\px,oo{t)\ < K"t, VO < i < mm{^,to). 
that is px.oo{t) — 0{t). As a first consequence, Cx.oo admits a holomorphic continuation at s = 0, and 

/•' /"^ ^-^'°°(*) ^+ I I I r Px.oo{t) , 

Cxoo(0)= / 7 + floo,-! + floco + / 7 a^- 

Ji t Jo t 

Since, 

and from (j5.6p . we can find a constant k > such that A„.i > k for any u> 1. Recall that {0x.u{^))^ 
bounded. Therefore, there exists M > such that 

OxAt) < Me-'"* > 1. 

Also, we proved that 

\px.u{t)\ < Vw > 1 VO < < < min(^/f,^o)• 

We deduce, using the dominated convergence theorem, that 



t 

and 



Then, 



In particular 



(Ckp(o))peM^Ckoo(o). (2; 
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Theorem 3.21. We keep the same assumptions. For any p G N, let hQ (^(^x,ujx p):(0,ho)) Quillen 
metric associated to ((X, wx.p); (O, /lo)) • We have, the sequence (ft-Q,((x,wx );{0.ho))] converges to 



a limit, which does not depend on the choice of {hx.p) We denote this limit by /iQ,((x,tJx oo):(C','io)) ■ 
Proof. By the anomaly formula, see [3], we have for any p,q Cz N: 



- log hQ^^(^TX,thx p);iO,ho)} + log hQ.{(TX,hx ,):iO,ho)) = / ^^-(0, ho)Td{TX, hx,p, hx,q). 

JX 

So, it suffices to prove that the right hand side forms a Cauchy sequence. We have: 

1 , / hx,p\ 1 , ( hx^p 



Td{TX,hx,p,hx,q) = --logi^j^j - — logi^j^j [c,iTX,hx,p) + ci{TX,hx,q) 

in (BjA^'^{X), that is the algebra of *)-differential forms on X, modulo Im9 + Im9, see [5]. 
Then, 

ch{0, ho)fd{TX, hx,p, hx^q) = -J^J^ ^""^{l^) (^1^^^' ^^-p) + ^^i^^^' 

Since, for any n G N, there exist (/in,i)„gN and (/i„.2)neN two smooth positive metrics such that hx,r, 
hn,i ® for any n G N. Then, we can find a constant K, such that: 



/ ch{0,ho)Td{TX,hx.p,hx.q) 
Jx 



< K 



log(r^) 

hx,q' 



It follows that (Jiq^((x,cjx p);(0,ho))j admits a finite limit. From the previous inequality, it is clear 
that the limit does not depend on the choice of {hx,p)p£fii- CH 

The last theorem extend the notion of Quillen metrics to integrable metrics on compact riemannian 
surfaces, by using an approximation process. However, theorem (|3.17p provides a direct way to define the 
holomorphic analytic torsion in this situation. It is important to compare both methods, this is given in 
the following theorem: 

Theorem 3.22. We have, 

hQ,{{X,cjx,a^);{OMo)) = ^i^((X,tJx,oo);(0,'Jo)) exp(Cjf,oo(0))- 

Proof. We have, for any p G N>i: 

hQ.XiX,ujx,p);{0,ho)) = ^L^((X,c^x,p);(O,?io))exp(Cx,p(0))- 

According to (23]), it suffices to prove that {hL2^(^(^x,ujx.p);(p,ho))) p^n converges to /iL2,((x,a;x,=o);(0.?io))- 
Indeed, we have ,(^x,ux,ph{o,ho)) = VolL2_p(i70(X, O)) VolL2^p(i/i(X, O)) "\ for any p € N. One 
verify easily the convergence of (Vo\]^2 p(^H^{X,0)))^^j^ to Yo\l2^^(^H^{X,0)) . The convergence of 
(Voli2,p(77i(^,0)))pgN follows from ^M- " □ 

We need the following lemma, in order to prove (|3.24p : 
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Lemma 3.23. Let (^X,uJx) be a compact riemannian surface. Let O = {O.ho^ a holomorphic line 
bundle endowed with a constant hermitian metric ho. We let Kx = fi^''^^ which we equip with the 
induced metric from ujx ■ We have: 

where A* is the Laplacian acting on A^'^'*) (X, •) . In particular, 



Proof. Let ^ e ^'"'^•'(X). We have (see paragraph ([2]) for the notations): 

= *lBo *o ^ ^Kx *1 i 

Since ker A^^ = H°{X,Kx), then 

keTAl,^^^^(H°{X,Kxy 



□ 

Lemma 3.24. Let X compact riemannian surface. Let {hp)p^jq be a sequence of continuous hermitian 
metrics which converges uniformly to hx,oo on TX. 
We have 

(voli..p(ffi(X, O))) > Yoh2.^{H\X, O)). 

Proof. From ([T|), we see that *i does not depend on the metric of X. Let £ A'^^'^'' (^X, Kx) ■ Since 
X is compact, we may assume that ^ — gdz and — fdz, where g,/ £ A'^^'^^i^X) and z is a local 
coordinate. We have for any p, g G N 

and, 

(*r,pC,*ric')L2 =^ gfdzAdz. 

x,q ZTT J X 



Therefore, obviously we have 
By proposition (|3.23p . we have 

keiA'x^j, = *^^{H\X,Kx)) VpeN>i. 

Then, 

(Vol^^ {H\X,0))) ^Voli^ {H\X,0)). 



□ 



We conclude that: 

{hL2,(^(X,ux,MO,ho))) /lL2,((X.c^x.oo);(0,/io))- 
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4 Appendix 1 



4.1 Integrable metrics 

Let X be a complex analytic manifold and L = (£, || • ||) holomorphic line bundle equipped with a 
continuous hermitian metric on L. 

Definition 4.1. We call first Chern current of L, and we denote it by ci(L) e D(1'1)(X), the (f , 1)- 
current defined locally by the following formula: 

ci(L) =ci(i,||.||)=dd^(-log||s|p), 

where s is a nonzero holomorphic local section of L. 
Definition 4.2. The metric || • || is positive if ci(i, || • |1) > 0. 

Definition 4.3. We say || • || is admissible if there exists a sequence (|| • |ln)„gN smooth positive 
hermitian metrics converging uniformly to || • || on L. An admissible line bundle on X is a holomorphic 
line bundle equipped with an admissible metric. 

We say L is an integrable line bundle if there exist Li et L2 two admissible line bundles such that: 

4.2 Compacts operators 

Consider two Hilbert spaces T-L and %' . We denote by L{H,H') the space of continuous linear maps from 
H to W. 

We say that T in LiT-L^T-L') is a compact operator if and only if the image of every bounded subset of 
"H by T is relatively compact in %' . An operator T is said ton be finite rank operator if its image has a 
finite dimension. In particular, it is a compact operator. The dimension of its image is called the rank of 
the operator. We denote by <, > the inner product of "H, and by || • || the associated norm. 

Proposition 4.4. Let % be a Hilbert space, B{H.) the space of bounded linear operators and /C('H) the 
space of compacts operators. We have, /C('H) is a closed linear subspace of 3(1-1). 

Proof. See for example [13, proposition 1.4]. □ 
Let T e L(y.). For any n £ N, we set 

CT„(T) =inf{||T-i?|| : ReL{H),Tg{R) < n}, (24) 

According to [13[ p. 232], T is compact if and only if the sequence {'^n{T)) ^^^j converges to 0. We 
assume that T is compact, and cr„(T) is called the n-th singular value of T. 

Let P := (T*T) ^ (where T* denote adjoint operator of T), one shows that P is an positive selfadjoint 
compact operator; we denote by {l^n{T)) ^^^^^ the set of of nonzero eigenvalues P, in decreasing order and 
counted with multiplicity (that is, each nonzero eigenvalue A appears dx times, where dx is the dimension 
of ker(AJ-P)). 

We know that 

/in(r) = (T„(r) VneN, 

see for example |13[ p. 246]. 
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Definition 4.5. Let T be a compact operator. Let {l^n{T)) ^^^^ the set of singular values of T, in 
decreasing order. We set 

||T||i:^^M„(r). 

If ||r||i < oo then T is called trace-class (or nuclear) operator, and ||r||i denote its nuclear norm. 

We denote by Ci{H) the set of class trace operators. We have: 

Proposition 4.6. Ci('H) is vectorial space, and || • ||i is a norm on Ci('H), called the trace norm. 

Proof. See [6,i 15.11 problem 7, c]. □ 

Proposition 4.7. Let T be a trace-class operator. Let (Cn)„gpj orthonormal basis for %. Then 
EneN '^^rnS.n > Converges, with sum equal to ||T||i. 

Proof See [6, 15.11 problem 7, b)]. □ 

Proposition 4.8. LetT be a trace-class operator, and be {\n)n&i the sequence of its eigenvalues counted 
with their multiplicity. Then, X^neN ^ri converges absolutely and we have 

Proof See [18, (3.2)]. □ 
Proposition 4.9. Let A et B be two bounded operators and T G Ci('H), then 

\\ATBh < P||||T||i||i?||. 

Let 'H be a separable Hilbert space. Let ^ be a compact operator on H and (e;)^ an orthonormal 
basis of Ti. If X]i>o(^^«'^0 absolutely convergent with respect to an orthonormal basis (e^) ., and 
hence for any orthonormal basis of "H, we call this sum the trace of A and we denote it by Tt{A). 

If T is class trace operator, then 

||T||i = Tr((r*T)^). 
Let A be a class trace operator, we have: 

Tr{AB) = Ti(BA), (25) 

if B is bounded, cf. \15i TR. 2 p.463]. 



|Tr(^)| < ll^lli. (26) 



cf. [TSl TR. 7 p.463]. 



Proposition 4.10. Let % be a Hilbert space, let (< •, • >u)^gj o family of hermitian metrics on % 
uniformly equivalents. Let uq G /, and T £ Ci.„j,('H) then 

1. T is a trace-class operator on % endowed with the norm < ■, ■ >u, for any u £ L , 

2. There exists cs et cg positives constants such that: 

csllTllix < ||r||i,„ < c9||T||i,„, Vu,u' e /. 
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Proof. Let us recall that L{J-L) is endowed with the following norm: 

P||= sup M A&L{H). 

x(i-H\{0} \\^\ 

By assumption, there exist Cg, Cg two positive constants such that: 
Hence, 



Therefore, 



4 \\Tx\\u' ^ \\Tx\\u ^ 4 \\Tx\\u' y^^Q 



^llTll <" IITII <" ^IITII 
/ ||-^ _ ||-^ \\u — I ||-^ 



We deduce that T is compact for any u £ I. Indeed; , If we considerF, a bounded closed subset in 
{H, < ■, ■ >u) for some u G I, then according to the last inequality, F is bounded and closed for <, >„q, 
and since T <E Ci. then (by definition) T is compact in {H,< •, • >«o)- follows that T{F) is 
relatively compact in the previous space. Using the same inequality, we conclude that T{F) is relatively 
compact in CH, <, >„). 

Let i? be a operator of finite rank, with rank less thatn. We have 



%\T-R\\^,<\\T-R\\^<'f\\T~R\\^,. 

Co Co 



Then, 



Therefore 



c' c' 

— <^n{T)u' < Crn{T)u < —(Jn{T)u'- 

Cq Co 



^im|i,„-<||r||i,„<^||r||i,„,. 



□ 



Corollary 4.11. Let (|| • ||u)u>i a sequence of hermitian metrics on %, which converges uniformly to a 
hermitian metric denoted \\ ■ when u goes to infinity || • ||oo- We suppose that Ve > 0, there exists 
T] > such that 

(l-£)||^||„'<||^||„<(l + s)||CIU' yu,u'>v. (27) 
Then, we have for any < e < 1 

Y^'^n{T)u' < <Jn{T)u < \^(^n{T)u' VT s L{n), Vn e N, V«, u' > 7J. 

In particular, 

< ||T||i,„< [i|||r||„. \/T&L{u), \iu,u'>n. 

Proof. This is a consequence of the proof of the previous proposition. □ 
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We consider the prehilbertian space A'^'^{X), endowed with the metric || • 11^2 „ associated to the 
metric hx,u- We know that {hx,u)u converges uniformly to a hmit hx.oo- Hence (|| • ||l2 „) converges 
uniformly to |j • ||l2,oo, (More precisely, it verifies (|?f|) ). 

Let T = Be"*'^^.", where B is a bounded operator and t > is fixed. We have, for any u ^ 1 



1 



Therefore, 



l + £ 

l-e 



UniBe 



< On [Be 



-tA, 



\Be 



< \\Be' 



We consider metric on 7i. We have, for any t > fixed 



^)u<\^,-n{Be-^^^ 



(28) 



and 



|5g-tAx,„g-tA, 



I l.oo 



Be 



|5g-2tA. 



I l,oo 



< \\Be 



-tA 



\B(e 



-tA} 



< e" 



-tA} 



-tAx,^o I 



-tA 



< Be 



e -"-"e 

tAx,u t„~tA 



< e 



-tA-, 



-tA} 



Be 

-)e 



-2tA} 



-tA} 



\Be 



1 1 l,oo 

1 1 l,oo 
-*Ax,oc II 



I 1,CX3 



Be 



-2tA} 



-tA} 



lL2, 



\Be 



OIL, 

-tA} 



(29) 



(30) 



4.3 The heat kernel of Laplacians 

We follow [16, Appendice, D], for the definition of heat kernel associated to a Laplacian. Let A be a 
Laplacian, roughly speaking, one defines heat kernel operator using the theory of operators, and it is 
denoted by e~*^ . For any t > 0, e~*^ is a compact operator on L^{X) to L'^{X) which is in t and 
which verifies the following properties : for s e L'^{X) 



d_ 

dt 



A)e-*'^s = 0, 



lim e-''^s = s dans L^{X). 

t^^0 



One shows that e is unique. 



Theorem 4.12. Let A" he a smooth family of Laplacians, then for each t > 0, the corresponding family 
of heat kernels e^*'^" defines a smooth family of operators on O. Furthermore, the derivative o/ e^*'^" 
with respect to u is given by Duhamel formula: 



d_ 

du 



-tA" 



e-(*-'^)'^"(a„A")e~ 



sA" 



ds. 



Proof See [TO, theorem D.1.6] on P", theorem 2.48]. 



(31) 



□ 



Theorem 4.13. Let V be a Banach space. If A is selfadjoint and positive operator, then —A generates 



a semi-group P{t) 



^-tA 



consisting of positive and selfadjoint operators with norms < 1 . 



Proof. See [20, Proposition 9.4]. 



□ 
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5 Appendix 2 



In this section, we present some results and technical lemmas needed through this article. 
5.1 A technical result 

In the following proposition, given a discrete sequence {hn)n€n' , of hermitian metrics on a vector bundle 
on a Riemannian manifold, we construct a family {hujuen* with continuous parameter which behaves 
smoothly and preserves some properties of the previous sequence. This construction, will be useful to 
study the infinitesimal variations of different objects attached to this sequence. 

Proposition 5.1. Let X be a complex manifold. Let E be a holomorphic vector bundle, for example 
TX. We denote by A4et{E) the space of continuous (integrable, smooth,...) hermitian metrics onE. Let 
{hn)nen be a sequence hermitian metrics on E (non necessarily smooth), then there exists a continuous 
family {H{u))u>i such that: 

1. H{u) is a hermitian metric on E, Vu. 

2. For any holomorphic local section s of E, the following application 

H : [l,oo[ — >R+ 

u I — > H{u){s, s). 



3. H(n) = hn,yn&N. 

4- If we suppose that (ft.„)„gN converges uniformly to a metric h^o, then the family ( ^^"^ )m>i of smooth 
functions on X, converges uniformly to the constant function 1 on X. 

5. If E is a line bundle, then 



on X, with [u] is the round up of u. 

Proof. Let (/ip)p>2 be a discrete sequence of hermitian metrics. For any n, let p„ be a smooth, positive 
and nondecreasing function on ]R+ such that: 



We can assume that pn{x) = pi{x — n),yx £ R"*". 

We set Hi : [l,oo[ — > Aiet such that Hi{v) = hi, Vu. If H2 is the following function; 'H2{u) = 
(1 — pi{u))Hi{u) + pi{u)h2 then it is smooth and verify "^2(1) = -ffi(l) = hi and 7^2(2) = /i2. By 
induction on fc e N, we set Hk{u) = (1 — pk-i{u))IIk-i{u) + pk-i{u)hk, and we have Hk{i) = hi, for 
i < k — 1 and Hk{k) = hk. 

Then, we let H : R+ — > Met{0) such that H{u) = Hn{u) if u < n - 1 (remark that if„+i(w) = 
IIn{u)) then H is well defined, smooth and II{n) = /i„ for any n e N. 

Suppose that (/in)neN converges uniformly to h^o. One proves, using induction on k, that 



is smooth. 





X < n 
X > n + 1 



(32) 



H{u) = (1 - Pk-i{u))hk-i + pk-i{u)hk Vu e [A; - 1, fc] VA; e N*. 



(33) 
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Then, if s a nonzero holomorphic local section of O on an open subset U, we have: 



H{u){s,s) 



/loo(s,s) 

then we get (4.). 

We have, for any u > 1: 

d 



< 



hk-iis,s) 



hoc{s,s) 



hk{s,s) 



hoc{s,s) 



Vue [k-l,k], 



— \ogH{u){s,s] 



/i„(s,s) ^ {duPk-i){u)ihk{s, s) - hk-i{s,s))\ 
hk{s,s) - hk-i{s,s) 



= \dupk-i{u) 

< \duPk-iiu) 



hu{s, s) 
hk — hk-i 



mm{hk-i,hk) 



\dupk-i{u)\ max 



( 



hk — hk-i \hk — hk-i 



hk- 



Since |9„/9/(;_i(u)| is uniformly bounded (take for instance, pk{x) = pi{x — k), for any k S N>2). Then, 
there exists a constant M > such that: 



d_ 
du 



log H{u) 



'M+i 



□ 



for any u> 1. 

In this paper, we will denote by the metric H{u). 

5.2 On the first nonzero eigenvalue of the Laplacian 

In this section, we recall a result due to Cheeger, which gives a geometric lower bound for the first nonzero 
eigenvalue of the Laplacian A, such that Oq is the trivial line bundle endowed with a constant metric. 
This lower bound can be expressed in terms of the geometry of the manifold, see the theorem below. 

Let {hx.p)peN be a bounded sequence of smooth hermitian metrics on X, if we denote by \p,i, for any 
p GN, the first nonzero eigenvalue of the Laplacian attached to (^{TX,hx,p),Oo) , then will show there 
exists a constant k > such that 

Ap,i > K, Vp e N. 

Definition 5.2 (Cheeger isopcrmetric constant). Let (M,g) be a compact riemannian manifold of di- 
mension n without boundary. We set: 



hg{M) := inf ■ 



A{S) 



iin(T/(Afi),T/(Af2))' 

where A{-) denote the (n — 1) dimensional volume, V'(-) is the volume and the inf is taken over the set 
of compact submanifolds with corners S of dimension n — 1, Mi and M2 are the two open submanifolds 
with boundary such that M = Mi U M2 and dMj = S, for j = 1, 2. 

Theorem 5.3. Let Ai be the first nonzero eigenvalue of the Laplacian associated to {M,g), then 

Ai > hl{M). 
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Proof. See [g. □ 

Remark 5.4. 1. htg{M) — t~^hg{M), for any i > 0. (follows from the definition of hg{M)). 

2. hg{M) is a positive real, see [5, p. 198] for n — 2. 

Proposition 5.5. Let us consider a bounded sequence {gp)^^^^ of smooth riemannian metrics on X, 
namely, we suppose there exist ci and C2 two nonzero constants such that: 

ci9p<9q<C2gp yp,qeN. (34) 

Then 

-hg^{M) < hg^iM) < ^hg^{M) Vp,geN. (35) 

Proof. It suffices to note that ([M)) is stable by restriction to submanifolds of M. □ 
Proposition 5.6. Let (gp)p^fi be as before, then there exists k a positive constant such that: 

Ap,i > K. Vp e N, 

where Ap.i is the first nonzero eigenvalue of the Laplacian associated to gp. 

Proof It follows from and ((?3)l . □ 
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